In this work the effect of the inhomogeneous material properties are investigated in regenerative turning processes by introducing white noise in the cutting coefficient. The model is a one degree of freedom linear delayed oscillator with stochastic parameters. A full discretization method is used to calculate the time evolution of the second moment to determine the moment stability of the turning process. The resultant stability chart is compared with the deterministic turning model. 
INTRODUCTION
In the field of manufacturing science machine tool vibration is source of many problems since decades [1, 2] . The commonly used models involve deterministic delay differential equations, in which the parameters are usually considered to be constant [3] [4] [5] [6] [7] [8] . During the measurements of these parameters, the average is considered and the variance is attributed to the quality of the measurement. However, it is easy to see that materials are not homogeneous, so variance can be an inherent property, which leads us to the use of stochastic models. A typical measured cutting force signal of an orthogonal planning process (material: AL 2024 T351) is shown in Fig. 1 , where the time signal is measured by Kistler dynamometer (9129AA), with the cutting parameters chip width w = 1 mm, chip thickness h 0 = 0.1 mm, feed rate v f = 10000 mm/min and rake angle α r = 5 • . All the main-( blue), the feed-( orange) and the passive-( red) force components have a significant variation around their mean value under the range where the transient seem to be settled ( green area in Fig. 1 ). On the histograms of these stationary time signals marked with green, one can observe that the signal shows a Gaussian distribution as shown on Fig. 2 , with the help of fitted normal distributions. In this test case for the main force component a large relative variance (σ 0 = 0.089) is observed. This can be related to different physical phenomena, like shear-plane [9] or inhomogeneity in the texture structure. These are very complex processes, thus a stochastic noise excitation is used to take the effect of these unmodelled dynamics into account. Further advantages of this stochastic models are, that it can predict the noise of the measured signals, which is typically important near the stability borders, where the signs of chattervibration already appears in the stable parameter domain.
MATHEMATICAL MODEL The Mechanical Model
To investigate the effect of stochasticity, the a simple one degree of freedom regenerative model of turning is used [1, 2] :
where ω n = c/m is the natural frequency, ζ = b/ (2mω n ) is the damping coefficient, and c, b, m are the resultant stiffness, the resultant damping and the modal mass, respectively (see Fig. 3 ).
To analyze the small amplitude vibration around the stationary position a widely used linear cutting force model is considered [1] [2] [3] [4] [5] 10] :
where k 1 is the linear cutting force coefficient, w is the chip width and ht is the chip thickness. This force model can be used without the loss of generality for linear stability calculations, since the k 1 linear cutting force coefficient can be determined by means of Taylor expansion around the h 0 nominal chip thickness even 
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FIGURE 2: THE HISTOGRAM OF THE MEASURED FORCE SIGNALS. THE HISTOGRAMS SHOW A NEAR-GAUSSIAN DISTRIBUTION COMPARED WITH THE THEORETICAL CURVES OF THE NORMAL DISTRIBUTION
for nonlinear force characteristics [11] . To consider the fluctuations in the cutting force, a Γt Gaussian white-noise process, called Langevin force is introduced in the force model. The Γ t Gaussian white-noise process is independent of the position of the tool, and has a constant power spectrum [12, 13] . To describe the regenerative effect, the ht chip thickness is calculated using the actual and a delayed tool position [14] :
The Stochastic Dimensionless Equation for Turning
To investigate the effect of the stochasticity in the material properties the dimensionless form of the one degree of freedom model of the turning process can be used without the loss of generality.ÿ 
The √ ω n in the denominator of σ in equation (5)- (6) comes from the transformation of the time scale of the Γt white noise process. When changing time scales the intensity of the white noise has to be adjusted:
To model the Gaussian white noise the Wiener process is used. Its increment has the expected value E (dW t ) = 0, the variance E dW 2 t = dt, and the increments are independent, thus E (dW t dW s ) = 0 for s = t. The process itself has the time dependent normal distribution of W t ∼ N 0, σ 2 = t .
If the expected value is taken of both sides of the equation (4), an x t perturbation process can be introduced around the E (y st ) = κ equilibrium point of the equation, where E (x t ) = 0, as shown in (8) .
Substituting back (8) into (4) the evolution equation for the x t perturbation process is gained:
Note, on the right hand side of (9) both multiplicative and additive noise are present.
Equation (9) can be rewritten into a first order increment form: dx t = (α α αx t + β β β x t−τ ) dt + σ σ σ α α α x t + σ σ σ β β β x t−τ + σ σ σ dW t , (10) where
If the equation system is in the form shown in (10) a fulldiscretization method [15] can be used to rewrite it to a discreet mapping:
where the 2(N + 1)-element state vector X n contains the discretized solution of x t over the interval [t n − τ,t n ] with t n = nτ/N. The A matrix contains the discretized infinitesimal operator for the drift (deterministic) part of the system, while B contains the multiplicative and c the additive component of the diffusion (stochastic) part.
Moment Stability
The discrete mapping for the first two moments can be written using (13) :
E X n+1 X n+1 = E (A + B) X n X n (A + B) + . . . , (15) where the neglected components are independent of the second moment.
In the equation (15) the two side multiplications can be rewritten to a single matrix multiplication, if the elements of the E X n X n autocorrelation matrix are arranged into a vector according to the following form, satisfying the properties of the expected value of A and B.
In equation (16) "M" denotes a symmetric matrix and "v" denotes the vector of the independent elements of the "M" matrix. The λ spectral radius of the ( A + E( B)) infinitesimal generator matrix determines the stability of the second moment while assuring the stability of the first moment: if λ < 1, then the second moment is stable, if λ > 1 then it is unstable [15] .
In case of the existence of the stable, stationary solution, the stationary second moment can be calculated by the formula [15] :
For the detailed derivation of X n , A, B, c and the infinitesimal generator matrices for the second moment see [15] .
TEST CASE
To analyze the effect of the stochastic material properties for the stability of the turning process, a stability chart was calculated by the methods described above for a selected parameters: σ = 0.1 and ζ = 0.1. The obtained stable area denoted with color dark blue in Fig. 4 . To see effect of the noise, the stability boundary for the deterministic case is plotted with dashed line, according to the analytical solution defined by the following parametric curves [16] :
where ω is the vibration (chatter) frequency along the stability boundary and m is the lobe number. Altough the change in the linear stability boundary is insignificant, the method predicts large amplitude vibrations near the stability boundary, presented by the stationary second moment above the stability chart for κ = 0.3. These theoretical predictions are valid only for small amplitude vibration, due to the nonlinear cutting force characteristics [17] , and the fly-over effect [11] . The solutions with large second moment can jump into a large amplitude chaotic attractor, which is the chatter-vibration, and because of this phenomena the theoretical stability boundary cannot be reached in practice [18] . It means that the measured stability boundaries would shift towards smaller chip width values due this stochastic effect. To present this effect amplitude limits are showed at σ x,st = 1 and 2σ x,st = 1 on Fig. 4 , where the amplitude of the tool position is smaller than h 0 with 68.3% and 95.45% probability respectively (σ x,st denotes the first element of the stationary second moment vector v * in equation (17)). This comes from the fact that the stationary distribution of the solution of equation (9) is also Gaussian distritubion. It is important to note, that even the presence of a small additive noise through the cutting force makes this type of resonance phenomena significant [19] . Due to this effect the measurements between the lobes can show a large amplitude vibration, despite of the system being asymptotically stable. 
CONCLUSION
In the present study first we show that the cutting force should be modeled as a stochastic process, driven by a Gaussian white noise. Furthermore a possible explanation is given for the measurement difficulties [20, 21] of the theoretically predicted stability boundaries with the use of a stochastic model, but this needs to be validated through a series of orthogonal turning tests. The applied full discretization method gives a good approximation for high discretization resolution, due to the very slow convergence of the spectral radius of the second moment generator matrices. An additional problem is that the computational complexity is proportional to the 4-th order of the number of discretized points, which leads to high computational time. Thus an important future task is to further improve the convergence of the applied method.
